IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Horn of singularities for the Stark-Wannier ladders

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1991 J. Phys. A: Math. Gen. 24 4275
(http://iopscience.iop.org/0305-4470/24/18/015)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 01/06/2010 at 11:22

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/24/18
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 24 (1991) 4275-4282. Printed in the UK

Horn of singularities for the Stark—Wannier ladders*

Vincenzo Grecchit, Marco MaioliZ|| and Andrea Sacchetti§

f Dipartimento di Matematica, Universitd degli Studi di Bologna, 1-40127 Bologna, Italy
} Dipartimento di Matematica, Universita degli Studi della Basilicata, [-85100 Potenza, Italy
§ Dipartimento di Matematica Pura ed Applicata, Universita degli Studi di Modena, [-41100
Modena, Italy

Received 3 January 1991, in final form 15 May 1991

Abstract. We prove that the small field asymptotic behaviour of the Stark-Wannier ladders
near the real direction is generically highly singular. This result is in agreement with the
conjecture of a chaotic behaviour of the lifetime of the states because of infinitely many
crossings.

Since the original construction of the Stark~-Wannier ladders in the single-band approxi-
mation (Wannier 1960} the problem of the existence and main features of their states
was posed. It was soon pointed out that they are asymptotic, up to any order, to the
formal perturbative series (Nenciu and Nenciu 1981) and that they should be sharp
resonances (or bound states in singular cases as suggested by Berezhkovskii and
Ovchinnikov 1976 and Bentosela et al 19823a). It was also evident that the main technical
problem comes from the asymptotic density of levels for small field and from the many
possible crossings.

The analysis (both mathematical and numerical) of such crossings on suitable
models showed a chaotic behaviour of the widths, associated with the (avoided)
crossing phenomenon for the levels (see Avron 1982 and Bentosela et al 1982b). The
numerical and analytical study extended to the complex electric field (Ferrari et al
1985) gave a more direct analysis of the crossing effects as cuts of Bender-Wu type
{see Bender and Wu 1969, Crutchfieid 1978).

Meanwhile the rigorous study in complex field started by Avron (1979) led to the
discovery of the asymptotics in any complex direction {Bentosela et a/ 1988). On the
other hand, the asymptotics in the real direction was established by Nenciu and Nenciu
(1981) to all orders for each pseudoeigenvalue, or resonance (if existent in this region
of the parameters).

In this work we make precise the asymptotics result for each resonance {as defined
by Herbst and Howland 1981) at a small real field, in order to compare it with the
complex direction asymptotics already calculated. The most interesting result (see
proposition 1) is that such an expansion is generically different, up to second order
(the next one beyond the Wannier approximation), from the one in the complex
direction. In particular, for the first ladder the second-order coefficient in the asymptotic
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when the strength of the periodic potential tends to zero.
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Bounded analyticity is excluded by such different expansions in any finite sector
containing the positive ray as made precise in proposition 2 and related remarks. Note
that the existence of a natural boundary line tangent to the real axis at the origin (as
in the model proposed by Bessis et al (1989) in the context of symplectic maps or a
sequence of divergence, in addition to or in place of a sequence of crossing-type
singularities, is not excluded. In any case the width of each resonance is certainly

sensitive to such analyticity structures as can be seen in the finite crystal model
{Rentosala of af 1982b. Farrari et al 1985)

{Bentosela er af 1982b, Ferrari 1985,

Now we discuss the situation for complex values of the electric field parameter
following the treatment of Bentosela et al 1988. Let us consider, as above, a translation
analytic even potential V{x) = V(x+a), a >0, of the Herbst-Howland type with the
further condition that all the gaps of the spectrum are open. In particular, we consider
the translated Hamiltonian operator, in order to define the resonances in the limit = 0:

T 7 i 1

H,(F+in)=p*+ V{x+a)+(F+in)(x+a) acC. (1)
It is easy to show that H (F +in) is an analytic family of operators for >0 and

0<Ja < b, for some b >0, The spectrum, which is discrete and consists of ladders of
eigenvalues

{An,j(F+in)}neN.}'EZ={An‘O(F+in)+ja(F+in)}neN.jez n=>90 (2)
is independent of @ and such eigenvalues are analytic at least in the disks By (iR.).
Besides, for n =0 and Ja = b > 0, the operator H,(F) defines the resonances lying in
the strip S, :={ze C| — bF <¥z=0}. Following the latest results given by Buslaev and
Dmitrieva (1987, 1989), Bentosela and Grecchi (1990) and Combes and Hislop (1990),
we suppose the existence of ladders of resonances A, ;(F) having the Wannier states
as a small field limit. One can prove that a strong resolvent limit exists for the family
H,(F+in) as 50, for @ and F # 0 fixed. Thus the resonances are, in general, the
limits of the eigenvalues of H,(F +in) as n - 0. As a minimal hypothesis let an analytic
continuation of the eigenvalues A, ; exist from the disks Bg, (iR,}toastrip —R,<MRz=<
R,, 5z >0 and, defining the continuation in a suvitable way, such that

lim A, (F+in) =2, ,(F) F>0 (3)

if thavr lia in cfr n Qinfa t
WSy 1 il the Co T

eigenvalues A, (F+1n) are glven by the p0551b]e crossings, that is
algebraic branch points, up to accumulation effects.

Here is given the main result concerning the difference between the asymptotic
expansion to the second order for real and complex electric field. Such a result is
obtained, as mentioned previously under the following assumption,

Hypothesis. There exists a ladder of resonances A, ;(F) for small F> 0, such that
Aol F}=>{E,)as F-» 0, where {E,} = (a/2) j% E,.(k)dk. Here 2 is the Brillouin zone,
i.e. the torus R/(2w/ a).

In this case, the Nenciu-Nenciu analysis guarantees the asymptotic expansion to all
orders of A, ;(F) as pseudoeigenvalues.

Proposition 1. Let ¢, be the second-order coefficient of the asymptotic expansion of
the eigenvalue A, ;(F+in) of H,(F +in), analytic in the disk Bg(iR,), so that
A (F+in)=(E)+ja(F+in)+c (F+in)*+ O((F+in)"?)

as |F+in|=0 (4)
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where F+i7 lies in any sector |7/2—arg(F +in)}|<0,0<8<m/2, where neN, jeZ.
Let d, be the second-order coefficient of the asymptotic expansion of the resonances
A F) of Hy(F), as F>0", so that

A ;(F)=(E.)+jaF +d,F*+ O(F’). (5)
Then, generically, ¢, # d,,.

Proof, We compute the coefficients of the asymptotic series using the crystal momentum
representation (CMR) {see Bentosela er al 1988) in the real case (for the complex
direction of the electric field see Bentosela et al (1988)). In such a representation the
operator H,(0) becomes the w-independent diagonal matrix Hy(0)=E since the
Wannier states w¥ = {w*(K)}«.z by analytic translation become w’, = e'** (e w})
where K is defined by (Kwy) (K):= Kw*(K), and they are in /*(Z) for 0<|Ja|<b.
More generaily ihe operator H,(F +in) becomes

H(F+in)= HfFrim) + el F+in)= E+{F+in)[X +iD}+ o F+in) (6)

where (X), (kY= X, .(k)=i{wk awk /ak)e for 0<|Ja|<b and D is the derivative
operator (Da), == 87 (3a,/dk).

Now let n e be fixed. In Bentosela ef al {1988) it is proved that (4} holds with
¢m =fn(k,), where f,(k) is the even analytic function defined on the Brillouin zone &
by

"~ | X m (K
j;l(k) o mén E,,(k)"‘ Em(k)

and k, is uniquely determined by E,(k,)=(E,), 0< k,< m/a. As we shall prove we
have ¢, —d,, = f,(k,}, where

(7)

8(k)= o (k) ~(@) = p(k) =5 = j' e (k) dk (8)

Since f,(k) is analytic and not identically zero in (0, /a), it has a finite number of
Zeros in any compact contained in (0, qr/a), s0 that f,,(k Y= ¢, —d, # 0 generically. In
fact there is no particular relation between £, and E,, as can be seen from the definition
{formula (7)). In any case, the proof of non-existence of a hidden symmetry destroying
such genericity comes from the result given in propasition 6, assuring Fulk)#0 for
small periodic potential.

Now it remains to prove that

d, =<f.,>=i Lf..(k) dk. (9)

Following Nenciu and Nenciu (1981) we redefine the band functions up to any order
of F such that we obtain a diagonal operator K(F)=%(F)+iFD+O(F®) starling
from H(F) = E + FX +iFD, where €(F)~Z7.,2PF. We look for a unitary family of
matrices U(k) such that formally

U YWE+FX+iFD)U =%+iFD (10)
that is

U E+FX)U+FU™'(iDU) = & (11)
+ Series (7) is unifcrmly convergent, for n fixed, since the ath gap is open and X,, (k) —(W (k) for

each m, where the mutrix W, is bounded.
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We introduce a formal iteration method of solution which will be extensively discussed
in a further paper. Let U =II7%, U,, where

Ut =1 and U~1+ Y FluY as F>0 (12)

§=r

so that we have DU, = F'DU' + O(F"*'). Moreover each L), is to be determined so that
UTNE+FX)U,=§, U, '(,_,+FX,_,)U.= ¢, (13)

where %, is a diagonal matrix for each r and X, = U;'(iDU,).
As a consequence, it is easy to obtain at least the following asymptotic estimates

X, =iFDU"+O(F, ) and € —%_,=0(F") (14)

which make consistent the assumption (12}).

For our purposes it is enough to note that U{"=iFT(X), where (T(X)), .=
iX, m/(E,— E,) is the Friedrichs operator of X with respect to E. Hence, denoting by
AP the diagonal part of A, i.e. (A"), .= A, .87, we have

%€ =%,+ FXP+ O(F*) = %,+ FA(iDU{")*+ O(F") (15)
=%, - FT(X)°+ O(F*) = &+ O(FY)

since I'(X)°=0. It turns out that, up to second order, it is enough to compute &,
that is to diagonalize E + FX. The perturbative theory gives us

=€ +O(F)=E+FX"+&YF+O(F)=E+&”F + O(F? (16)
where
X (k)
D) = (&K = X R 17)
(E = (8D = 2 B ()~ E, () (
Following Wannier, the ladder is given by
An,j(F)"__-((g)n,n)-}-jaF
=(E,}+jaF +{{&"),.)F'+ O(F*)
) | X \ 12 3
={E)+jaF+{ ¥ E— F'+O(F%) (18)
men Ly = Ly
whence (9) follows, and ¢, # d,. O

Now, we compare the asymptotic behaviour of A, ;(F+in) as F+in-0 at each
complex direction and the one at the real direction as F- 0*. In particular, admitting
to extend analyticity of A, ;(F+in) from the disk Bg, (iR,) up to the real direction,
for F> 0 small, with continuity on the boundary, the inequality ¢, # d,, implies the
existence of a strong divergence sequence for A, ; tangent to the real axis at the origin.
This follows from classical results as the Phragmén-Lindelof theorem.

Let us stress that the existence of such strong divergence sequence seems to be less
natural than the existence of a horn of singularities of A, ;{F +in).
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Proposition 2. Let S,;={zeCl0<argz<g,|z|<8}, >0, §>0. If the eigenvalue
A, ;(z) is analytic in S, and continuous in S, ;—{0}, for some >0 and &> 0, then
there exists a sequence {z;} e, 21 € Sz 5, lim; .z, = 0 and lim,_ ., arg(z;) = 0 such that,
for any p >0,

lim [A, (z}| exp[—|z|"]=+c0. (19}
i=+oc

Pranf let e=a/n< £ Rv nronncition 1 and hy the hunathecie the funeotion

Zrogf, LEL £ /P < £, DY proposiion : and oy ing nypcelids:s, e rungclior
An(z)=z77[A, j(2) = (E.) ~ jaz) (20}

is analytic in S, ; and continuous in §, ;—{0}, moreover has different real limits on
the boundaries of the sector §, 3, in fact:

lim A.(z)=¢, lim A.(z)=4d..

argzr=gf,z=+0 argz={,z=0
Hence, by the Phragmén-Lindel6f Theorem (see Hille 1962), there exists a sequence
Uy € Se5< S:.5,0 €N, such that lim,. .00y, = 0and A, (v,,) = O(expf|v,,|77]) as [ > +c0.
So, choosing e.g. I=p, the sequence z; = vy, satisfies proposition 2, O

Remark 3. Actually we have no explicit example of a function satisfying all the
conditions of propositions 1 and 2, so that the class of such functions could be void.
In such a case the only possible conclusion is the following one: the origin is the limit
point of a sequence of singularities of A, ;(z) belonging to the domain D,=
{zeC|3z>0,Rz>0, z¢# Bg (iR,)} (i.e. there exists a horn of singularities for A, ;(z)).

Remark 4. If the eigenvalue A, ;(z) is meromorphic in S.s={zeCl-e<argz<e,
|z|<5} then the positive direction is a Julia direction (see Hille 1962, chapter 15,
section 4) at0,1.e.: A, ;(z) on S, 5, Ve, 8 > 0, omits at most two values of C. This means
that in the hypothesis of analyticity on the real axis, we have a wild behaviour of the
function in a neighbourhood of the real axis. In such a case we have an example
partially fulfilling the hypothesis: the function f(z)=tan(z™') exhibiting a sequence
of singularities on the real axis.

Remark 5. As recalled in the introduction an explicit example exhibiting the same
phenomenon of different asymptotic behaviours in different directions in the sectors
argge[3n/2, 37/2+B], 0<B<3=, is given by the eigenvalues of the arharmonic
oscillator T{g)= p”—x*+gx*. In such a case the existence of a horn of singularities
given by the crossings of levels (see Bender and Wu 1969, Simon 1970, Crutchfield
1978) is completely proved.

Finally, we give the behaviour, when the periodic potential tends to zero, of the
second order coefficients ¢, and 4, of the asymptotic expansions (4) and (5) in the
complex and real electric field respectively, where

< =f|(E1) d,={fi),
k, is defined by E,(k,))=(E)), 0<k,<w/a and f,(k) is defined in (7). Such a result
agrees with and extends the statement of proposition 1.
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Let us set V(x) =BV (x), ¢ <B=1. The following proposition holds:

Proposition 6. 1f the periodic potential is small enough then ¢, # d,. In particular:

lime¢, =0 and limd, = -, (21)
Bi0 8lo

Proof. Following Wannier let us consider the Schridinger equation for the Fourier

coefficients of the Bloch waves

(K+K)PwWK)Y+ T Vi wh() = E,(K)wk(K) ke®B, KeZ. (22)
jeZ

Performing the derivative in (22) with respect to the quasi-momentum k we obtain the
well known expression

X k __Z'M_ 23
R = =B ) E, (k) @)

From a second derivative of (22) we obtain

2
c;k =E;(k)=2+2 ); | X (R)FLE, (k) ~ En (). (24)

PR

For ke(0, w/a), as Bl0, we have that E,(k) tends to [{—1)""'k+2vmw/a]’, here
v:=[n/2}is the integer part of n/2, E,(k) tends to 2(—1)""'[(-=1)" 'k +2vm/a], E&(k)
tends to 2 and so

lim %, | X CR)*LE (k) — E, (k)] =0 Vke (0, 7/a). (25)

Now we are ready to prove the statements in proposition 6.
From (7} we have that

e I XamR)P
0=4(k)= L (k)= En (k)

1
P X m(R)LE (k) - Em(k) -0 as Bl0  (26)
forany k € (0, w/a), in particular we have that ¢, == f,(k,) = 0 as 80 being k, € (0, =/ a).
In contrast, the term d, := (f}} is arbitrarily large when the periodic potential tends
to zero. In fact, for any h >0 we have that

w/a

n/a
=2 ra=2 [ fawax

v HoJdrfa—h

In order to estimate the latter integral we give the useful estimate obtained from (22)
and (23):

2 IX,m(OFLE k)~ Ei(K)]

Tomed Xim (O'LE () = En(k)T _ 43, Kwh, Kwoef?
E,(k) - E (k) T Efk)-Ey(k)

_ 4wy, Kwiyel® LAEHOE)

 Elk)-Ey\(k)  Ej(k)—Ek)

(27)
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where ¢, denotes a constant. Hence

w/a
3J £(k) dk

T drja—h

_a/m [ X (I Ex(k) ~ Ey(k)] dk
LE(m/a~h)~Ex(w/a~-h)T

_a/2m i [2-Ejtk) —c)dk

" [Ew/a—h)-Ex(m/a—h)]

_a [-E{m/a)+Ei(z/a-h)+{(2—¢)h]
T2 [El(ﬂ/a—h)—Ez("T/a—h)]2

a’—a‘ch/2w

PRETY: as gl0 (28)
since E{(m/a)=0 and E,(k)-[(-1)""'k+2vm/al’, v=[n/2], as Bl0 and ke
(0, 7/ a). Proposition 6 is completely proved since h > ( is arbitrary. O

Conclusion

The existence of different asymptotics in the real with respect to the complex directions
gives evidence for a horn of singularities for Stark-Wannier ladders similar to the
Bender-Wu ones already observed in the finite crystal case. We have left, as a possible
but improbable case, the alternative of the existence of a sequence of strong divergence
for such eigenvalues. In any case the effect of the behaviour of the width of each
resonance, not determined by the asymptotic expansion, should not be less dramatic.
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